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DEFINITION OF SYMBOLS

SYMBOL DEFINITION
x(t) output of integrating element following the x relay
y(t) output of integrating element following the y relay
I(t) the driving square wave function
fI frequency of I(t)
Ty period of I(t)
ff' r frequency of output square waves under the free-run condition
Tf. y period of the output square waves under the free-run condition
f(x) output of the x relay section
{(y) output of the y relay section
a time constant of the integrating elements
Xy switching level of the x relay
Y4 switching level of the y relay
M amplitude of the input and relay outputs
t time
c M/a
Pl error in the guadrature phase relationship of the output square waves



ANALYSIS OF A FREQUENCY TRACKING SQUARE
WAVE OSCILLATOR

By

R. W. Gunderson

SUMMARY

Presented inthis reportisananalysis of the lock-
on oscillator usedas an element inthe adaptive track-
ing notch (ATN) filter currently under development
at Marshall Space Flight Center. The analysis is ac-
complished by studying the phase space behavior of
the variables describing operation of the system and
permits expressions to be developed through which
important properties of the oscillator may be pre-
dicted. Examplesare givenand results of atheoretical
study are compared with results obtained from a
breadboard mechanization of the system.

SECTION I, INTRODUCTION

The Flight Dynamics Branch of the Astrionics
Laboratory has recently designed, built, and tested
an adaptive tracking notch (ATN) filter capable of
identifying and attenuating very low frequency signals
such as those arising from the effect of body bending
dynamics in the Saturn class booster vehicles. The
basic idea of the ATNfilter isto construct a reversed-
phase bending signal through modulation techniques
and then to sum the constructed signal with the input
signal, thereby accomplishing the attenuation. The
present configuration has been designed to operate
throughout a frequency band of 0.7 to 1.4 Hz, while
producinganattenuation of at least 20 to 1 through that
range. The ATN filter has no attenuation effect at
control mode frequencies and less than 5 degrees of
introduced phase lag. A comprehensive discussion on
the ATN filter is given in the report by Borelli and
Hosenthien (Ref. 1).

The lock-onoscillator is driven by a square wave
input of constant amplitude at the bending mode fre-
quency. Its function is to provide two sguare wave
output signals at the same bending frequency but with
a 90-degree relative phase shift. Consequently, the
unit must be capable of locking onto the input frequency
throughout the desired bandwidth and maintaining the
quadrature phase relationship of the output signals as
an invariant feature.

The analysis was accomplished by studying the
phase space behavior of the differential equations de-

scribing the system operation. Verification of the
analytical results was firstobtained through an analog
simulation of the system; simulation and analytical re-
sults were in close correspondence. A breadboard
mechanization of the oscillator was then developed;
theoretical results and test results were also in close
correspondence.

SECTION II. LOCK-ON OSCILLATOR

The essential features of the unit are shown in
Figure 1.

(t)

x relay y relay
1 X 1 ¥y
a+ s a+ s |
fx) (y)
M M
~X1) X1 * Yy Y1 y
-M -M
1(¢)
M
v T 2T
M I 1
FIGURE 1. BLOCK DIAGRAM OF LOCK-ON

OSCILLATOR

The x and y relays are identical except for being
of opposite polarity and are assumed to be capable of
instantaneous switching action., Switching levels ofthe
relays are denoted by x; and y, while the output level
is denoted by * M. The absolute value of the input,
I(t), is the same as the absolute value of the relay
outputs; that is, |I(t)| = M. For purposes of the analog
simulation, the nonlinear characteristic of the x and y
relays was obtained through the use of nonlinear, high
gain feedback methods as given in a paper by Terrazas
and Fannin (Ref. 2). The circ¢uitry allowed a great
deal of versatility coupled with a precise simulation
of the desired nonlinearity.



SECTION III. FREE-RUNNING CASE, I(t) =0

The behavior of the system will first be studied
in its free-running condition; that is, with the input
I(t) =0 forallt = 0. By studying the behavior of the
trajectories inthe two-dimensional phase space of the
variables xandy, aninsight will be gained into system
operation and an equation for the period of the limit
cycle will be derived.

Assume that the values f(x) and f(y) remain con-
stant during the time interval t; =t > t;,. Since I(t) =
0, the differential equations describing the operation
of the system during that interval are written as

d—;;t(£1+ax(t) =f(y)
(1)

d—gtiﬁ +ay(t) = f(x)

The solutions of the two equations, valid during t; =
t > ty, are obtained in the form

-a(t- f
(tg < t=tg)

f -a(t-tp) ()
Y(t)=laél +e a(t=to |:y(to) T a ] (2)

The differential equations (1) provide the differential
equation of the trajectories as

dy(t) f(x) -ay(t (3)
dx(t)  f(y) - ax(t)
From equation (3), it is apparent that the system will
have a singular point, or equilibrium, at the point of
the x-y space given by

_fm _f(x)
x == yY=T - (4)

The trajectory will then originate at the point (x(tg),
yv(tg)) and tend toward the singularity determined by
equation (4) along the straight line

X_%Xl X(to) _fa
= (bg<t =ty (5)

£(x) f(x)

y-aX y(tg) - ;

as given by the solution of equation (3). If at time t =
t; either f(x) or f(y) should change polarity, the sys-
tem will enter a new mode of operation. Here the
initial conditions are the final values (x(t;), y(t;)) of
the preceding mode and the singularity will change

with equation (4). In this manner, it is possible to
follow the system through its succeeding modes of op-
eration.

For example, assume that the system begins op-
eration at time t = 0 and is such that x(0) =y(0) =0
while the output of both relays is initially negative.
The trajectory will initially try to reach a singularity
at the point (-M/a, -M/a) and will tend toward that
point on the straight-line given by equation (5), as
shown in Figure 2. However, when the trajectory in-
tersects the switching line y = -y,, the y relay will
switch polarity to +M and the trajectory will tend to-
ward a new singularity at (M/a, -M/a). When the
trajectory intersects the switching line x = x;, the
system will again assume a new singularity at (M/a,
M/a) and so on,

e

20

® e
-M -M M-M
a ? a a’ T
FIGURE 2. TYPICAL FREE-RUNNING
TRAJECTORY

SECTION IV. LIMIT CYCLE

As shown by Figure 2, the trajectory soon con-
verges to a closed curve about the origin; that is, the
system possesses a stable limit cycle, To determine
exactly the path of the limit cycle, it is necessary
only to calculate one point on that curve, since knowl-
edge of that point and the singularities allows con-
struction of the rest of the curve, Consequently, let
%x(ty) be some point along the switching line y = y; and
let f(x) and f(y) have the values M and -M, respec-
tively. From equation (5) the equation of the first
straight line segment of the trajectory is then

y-c¢ __N-¢

(6)

X +c X(ty) +c¢



)

where

M
c=—
a

The trajectory will tend toward the singularity at
(-M/a, M/a) but will intersect the -x; switching line
at some time t =t;. At time t;, the system begins a
new mode of operation and tries to reach the singular-
ity at (-M/a, -M/a). Taking into account the sym-
metry of trajectory behavior, if the trajectory inter-
sects the -y; switching line at the point -x(t;), then
the trajectory is the curve of the limit cycle.

At t = t;, equation (6) becomes

-(X3-¢) (y1-¢) .

(x(tg) +0) D

y-c=

Accordingly, the initial conditions for the second op-
eration mode are

-(Xy - C) (yq - ¢€) +c(x(ty +c)
(x(ty) +c¢)

X=-X,y= (8)

and the equation of the trajectory becomes

yt+c (X -¢) (y1-c) +2c(x(ty) +c) 9
x+c =(X(tg) +c) (x4 -¢) )
for t = t;. This part of the frajectory intersects the

y = -y; switching line. As previously explained, if it
isto be the equation of the limit cycle, it must be that
X(ty) = =X(ty) where t, is the time of intersection with
the -y, switching line. That is,

(y1 - €) (% ~ ¢) (X(tg) +¢)
2e(x(tg) +¢) ~ (x;-¢) (yy-c)

X(ty) +c=-x(tg) +c=

and solving for x(ty) yields

X(tg) = ANe(xg +¥) - X1yy

The period of the limit cycle can now be derived
by using the initial conditions as calculated above. To
do so, symmetry considerations show it is necessary
to solve only for the time required to travel from the
calculated point (x(ty), y4) to (-Xy, y;), since this
furnishes the time of the quarter-period.

(10)

From equation (2) and equation (10)

-at
-Xy=-c+e ':’q/c(x1+y1) -x1y1+c]
c + '\lc(x1+yl) —X1Y1]

C - Xy

at =fn

so that the complete period of the limit cycle is ob-
tained as

T =é£n [:c+
fir, a

(11)

C - X
SECTION V. DRIVEN CONDITION

The ATN filter concept presently requires the
lock-on oscillator to be driven by a square wave input
signal at the bending frequency when the amplitude of
the bending signal exceeds a certain preset value,
When operating under the driven condition, it is re-
quired that the system produce two symmetrical square
wave outputs, f(x) and f(y), which are to be at the
bending frequency with a quadrature phase relation-
ship. Since the bending mode frequencies vary as
a function of time of flight, the oscillator must follow
the frequency of the input throughout the expected range
of variation with the property of the quadrature phase
relationship kept essentially invariant.,

Consider the system during a time interval t; <
t =ty for which the values of {(x), f(y), and I(t) are
constant. The differential equations describing the op-
eration during that interval are

d x(t)
c?t + ax(t) = {(y)
(12)

dy(t
_dXtLl +ay((t) = f(x) + I(t)
The equations for x(t) and y(t), validduring ty <t = t4,
are obtained from equation (12) as
x(t) =L 4 g2 (o) [}(tw Y (13)
a a J
f(x) + I(t) -a(t-tg) f(x) +1(t)
+e y{to) -

y(t) ==

a

and the differential equation of the trajectory becomes

dy _ f(x) +I(t) -ay
dx f(y) - ax ‘ : (14)

Equation ( 14) determines the location of the singular-
ity as

X_f(x) v f) +It)
a b

= a s (15)

where, since f(x), f(y), and I(t) all have the same
magnitude but can differ in polarity, there are now the
six possible singularities shown in Figure 3.
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CASE AND BOUNDS FOR THE
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FIGURE 3.

Generally, the phase space study of system be-
havior is considerably complicated by the introduction
of a time dependent driving function. For example, in
the undriven case, if the trajectory intersectsa switch-
ing line at a point (x4, y;), then the trajectory must
continue along the straight line drawn from that point
to the singularity in the following quadrant. That is,
a unique segment of the trajectory originates from
each pointon a switching line and this segment can be
determined simply by knowledge of singularity loca-
tions, However, inthe driven case, an infinite number
of possible paths forthetrajectory exist foreach point
on a switching line. Such a ciroumstance results from
the presence of the I(t) term, a time dependent func-
tion, in the expression for the singularities given by
equation (15). On the other hand, particularly since
I(t) is a square wave function with known period and
amplitude, the phase space approach still provides a
comparatively convenient method for answering the
required questions on oscillator behavior.

Consider{irst the shaded region of the phase space
shown in Figure 3. Under the system design philoso-
phy, the lock-on oscillator will always be in its free-
running condition bhefore an input signal is applied.
Consequently, the trajectories to be considered will
both begin and remain in a region such as that shown
in Figure 3. The boundary of the region is constructed

4

simply by consideringthe extreme possibilities of tra-
jectory behavior. For example, trajectories origi-
nating at the point (M/a, y,) will initially tend toward
the singularities

M M

a a a

The two extreme possibilities are thus the straight
lines continuedtoward the singularities until intersec-
tion with the -x; switching lines.

y{t)

x(t}

|
I
|
|
|
Bt |

PERIODIC TRAJECTORY FOR THE
DRIVEN CASE

FIGURE 4.

Now consider the closed trajectory of Figure 4.
In addition to the four switching points caused by in-
tersection of the curve withthe x and y switching lines,
it is now necessary to locate the switching points caused
by a change of polarity in the driving signal, I(t).
During the time interval t, < t = t; whenthe trajectory
is traveling between points p(tg) and p(t,), the equa-
tions of the x and y motions are given by

x(t) = - % + e 2(tto) ‘:x(to) +%]

(t0<t5t1)

—a(t-ty [ M
e a( 0) [_y(t()_ 2:] .

and
M
yit)y =2—+

At t = t; the polarity of I(t) changes from + M to - M
so that the equation of the y motion during the interval
ty < t = t, is changed to

t-t
a(t-ty) (t; <t =ty

y(ty =e V() 5



while the x motion is unchanged. The trajectory con~
tinues in like manner until Ty/2 seconds after the
change of polarity at p(t;), when the input once again
changes sign, If now

P(ty) = (x(t; + Ty/2), y(ty + T/2)) =

(-x(ty), =y(t))) = -p(ty),

then, as time continues, the trajectory must return
to the starting point p(ty) so that

{xX(tg+ Ty, yltg+ Tp)) = (x(tg), y(tg)).

Consequently, the trajectory will be periodic in Ty
and symmetrical; that is,

X(t+Ty/2) = - x(t)
yL+T/2) == y(t) .
With the exception of quadrature phase relation-

shipbetween f(x) and f(y), a periodic trajectory such

as that of Figure 4 describes the desired operation of
the lock-on oscillator. The quadrature phase rela-
tionship will be obtained only if

ty - tg =ty = to.

Figure 5shows the input and output square waves cor-
responding to the trajectory of Figure 4,

1t)
M- —
t . _ R
t ty t, +T1
-M -
fly) o
t P S . S —
te ty Lo +TI
-M S,
Mg R
———
i _ R —
ts o+ Ty
-M -
FIGURE 5. INPUT AND OUTPUT SQUARE WAVES

CORRESPONDING TO THE PERIODIC
TRAJECTORY OF FIGURE 4

Notice that the x motion is independent of I(t).
Hence it is possible to solve for the value of x(t) at
the instant the y relay switches to its negative polarity
and such that, after Ty/2 scconds later, x(t) will be

at thce negative of this value, That is, it is possible
to solve for the x(t) values at the instant of y relay
switching necessary to maintain the periodic trajec-

tory. This value is obtained from equation (13) as

m|1-e®TV? a Ty |

Xo=7 —TT/_2 =ctanh—4—, (16)
t+e o T

where x4 denotes the desired value.

If the period of the input square wave I(t) is known,
Xq can be calculated from equation (16) and the peri-
odic trajectory can be constructed as illustrated by
Figure 6 (a2 and b), The procedure is to draw first
a straight line through the point (-xy, -yy) and the
singularity in the third quadrant; then a straight line
through (x,, y;) and the singularity in the second quad-
rant. If the two lines intersect to the left of the -x,
switching line, the two segments are connected as
shown in Figure G(a). If they intersect to the right
of the -x; line, then the segments are connected as
shown in Figure G(b).

Equation (16) indicates x, will decrease with the
period of the driving signal. Consequently the area
enclosedby the periodic trajectories indicating satis-
factory behavior must decrease as the frequency of
the driving signal increases, However, as illustrated
by Tigure 3, there is a lower limit to the enclosed
area, That is, the closed trajectories indicating sat-
isfactory behaviorcan exist only for afinite frequency
range of the input square wave, It is possible to write
an analytic expression for determining the frequency
rangc: however, it would seem move convenient to do
so through a phase space construction procedure.
First, notice from Figure 6(bh) that the "smallest"
trajectory corresponds to the case when the y relay
and I(t) polarity changes occur simultaneously. That
is, the segment of the trajectory lying on the straight
line through (xy, y;) and the singularity in the second
quadrant approaches zero length. Begin the trajectory
at the point (xy, y;), as shown in Figure 7, and con-
tinue towards the appropriate singularities. By as-
suming the I(t) polarity changes occur at the instant
of y relay switching, it is found that the curve soon
converges tothe desired smallest periodic trajectory.

The period, Ty, corresponding to the value of x;
determined canthen be obtained through equation (16).
It can be seen from equation (16) and Figure 6(a) that
there is no lower positive limit to the frequency per-
mitting periodic behavior. Consequently the desired
periodic trajectories exist for a frequency band ex-
tending from arbitrarily near zero to the value deter-
mined through the procedure previously given.

To this point, it has been established that there
exist only periodic trajectories indicating satisfactory
hehavior of the lock-on oscillator. Equation (16) is
only a special case of the more general expression
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(k=1, 2, 3, ...)

which provides the value of x(t) atthe instant of y re-
lay switching necessary to maintain periodic trajec-
tories describing subharmonic tracking of the system.
That is, between switching of the relays from one po-
larity to the opposite, the input will have changed po-

6

larity k times. The following discussion will show
that such trajectories do exist, but only for odd values
of k.

The closed trajectories of Figure 8 typify the two
types of trajectories which can exist for k=3. To
solve for the time t; - t; of Figure 8(a), begin with
the y(t) motion at t = t; and continue until t = t5 to ob-
tain

y(ty) = 2¢c + e_a(t1 - to) ly; - 2c] (to<t =ty
~a(ty -t
yity = e T g (t <t =ty
(18)
y(ts) =-2c +e 2t b)) [V(ty) +2¢) (tp<t =ty
-a(ty -t
y(tg) =e (ta = ta) y(ts) (tg < t = ty)
ats -ty

y(ts) =-2c +e [y(ty) +2c] (tg<t =ty

>

and conbine to obtain

y(tS) = -2c + 2ce—a(t5 - ty) _zce—a_(t5 _ t3)

-a(ts - ty) -a(t; - ty)

+ 2ce + 2ce (19}

+ e_a(tf’ - t) (y; - 2¢).

Since



e—a(t5 - t4) — e-a TI/2 ea(t1 - to)

o 2(ts — t3)
o 2(ts — ta)
o 2(ts — ty)
o 2(ts — to)

substitution into equation (19) yields

W ~32/2 Ty
ea(tx'to)=(1 20) (1+e )

and since

- e—a TI ea(t1 - to)

_c+x(t§)
e-x

_ 32 TY/2 a(ty - to)

- e—3a TI/2 ’

_c + X(tg)

C - X4

e—a/2 T1

e—a(t1 - tO) > e—a/2 TI

the inequality

(1-

-a TI/2 . e—a Ty

1-e
>
-3
(1= yy/20) (1 + e /2Ty _C 2 x(ty)
Cc - Xy
must then be satisfied. Let
_ e—a/2 TI
so that from
c+x(t)) =c-c _—_1_9—3a/2T1 =
5) =C - - =
{+e 33./2 TI
~ 2ce-3a/2 TI
(1+e58/2 Ty

and from equation (22),

1-35+s?

(1—32(—(1:) (1+s% -

or

(1_

Xy
¢

2s3

(1+s%) 1-XL

c

(1-s+sy(1+s%)>

- 5 -
eaTI/ +eaTI)

1

>1

> (1—-’&) (1—y—1\‘ (1 +s%?- 283,
c 20/

P

(20)

(21)

(22)

(23)

For the moment, assume

Xy
c

—0

Y1

L )

2¢c
so that inequality (23) becomes

4

s(-s?+st-s¥+s?+s5-1) >0

or

s(1 - s) <s2+1;24€> <s2+-1;2'\£—5_) >0. (24)

Consequently under the assumption that x,/c and x,/2c
are sufficiently small, inequality (22) is satisfied if

515—1

>
1>s> 2

that is,

2 2
T; <= fn {s\}—— . (25)
["a [wz-i]

Rewriting equation (23) in the form

(1-s+sh)(1+s% >(1-y/2)(1+s%?

(26)
2s3

and noting that

32 _ 5.3 Y 32 _ _ 28
(1+'s) 2s >(1 20) (1 +s% X
]

X4

(fory; >0, x, >0, = < 1) shows that inequality (25)
provides the greates‘i value, Tg, for which closed tra-
jectories corresponding to k = 3, and of the form
shown in Figure 8(a), always exist. Given values for
X{s» ¥y, and ¢, the corresponding maximum value of
T1 can be obtained by factoring equation (23) in the
manner shown for the particular case of xy =y; = 0.

Now consider Figure 8(b) and start again at t = t,
to obtain

-a(ty - to)

y(ty) =2c +e ¥y - 2¢] (tp<t=ty) (27)




oY)

y(ta) y(ty) (tp < t = ty)
y(ts) = 2¢c + e—a(t3 - t) [y(ty - 2e] (ty<t=ts)
yitg =e Ty ety
y(ts) = -2c + e 2t~ t) [y(ty + 2c] (tg<t=tg
and
e—a(t5 -ty _ o2 Ty/2 ea(t1 - tg)
e—a(t5 - t3) _c T x(ts)

c-x
Jats -~ ta) _ - T1 a(ty - to) (28)

~a(ts -t - 2 t, -t
ea(5 1) ea3TI/ eat(1 0)

I
o+

<
=

e-a(t5 _ e-3a/2 Ty ]
Substituting equation (28) into equation (27), combin-
ing, and solving for e2(t1 = to) then yield

1 - y/2) (1 re 3 TI/Z)- e rx(ty)

C - X1
o2 Ty/2 (1- o2 TI/2 +e? TI)

(
ea(t1 - to) -
(29)

which is identical with equation (21). Consequently
the results ohtained for Figure 8(a) also hold for Fig-
ure 8(b).

Notice now that the trajectory can intersect the
positivey; switchingline only if the input signal polar-
ity is positive and can intersect the negative y; switch-
ing line only if the input polarity is negative. Conse-
quently the polarity of the input can only change an
odd number of times between positive and negative
switching of the y relay. That is, k of equation (17)
must be odd.

Figure 9illustrates the trajectory of next highest
order, k = 5. The expression corresponding to equa-
tion (21) is obtained in the same manner for k = 5 and
is of the form

2t - to) _

(30)
(1 - y/20) (1 + e—5a/2 TI) _ cc+ xxgtzg
- x4 '
e—aTI/Z( i e—aTI/Z . e—aTI_ e—BaTI/Z + e-ZaTI)

b)

FIGURE 8,

PERIODIC TRAJECTORIES CORRE-
SPONDING TO k= 3
y(t)

FIGURE 9.

PERIODIC TRAJECTORY CORRE-
SPONDING TO k =5



a) Trajectories corresponding to
k=1,k=3,k=5
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Again assume that y;/2c — 0, x;/c — 0 and let s =
eaT The inequality corresponding to equation
(24) is of the form

s(1-s)(st+sb+st-5s%-1) >0. (31)

Rewriting this inequality as

Wave shapes fork =5

THREE POSSIBLE PERIODIC MODES OF OPERATION

s(1-s)[s?(st+s%-1) + (s8-1)]>0
and noting that the expression in brackets is positive

A5-1
2

for s = 1 but negative for s® =

indicates that poly-

nomial of equation (31) possesses a zero, h, such
that



must be true before inequality (31) is satisfied. That
is,

T<2znh_i<2£n 2

e 2 ¥5 - 1

(32)

Figure 10 is a typical case of a system for which
trajectories corresponding tok =1, k=3, andk =5
exist for a given frequency. The time response is
shown for each case,

The discussion above shows that the lowest fre-
quency of the driving signal necessary to maintain a
k = 5 trajectory must be greater than the lowest fre-
quency necessary for a trajectory of k = 3. In exactly
the same manner, trajectories corresponding to Ik val-
ues greater than 5 can be shown to exist only for in-
put signal frequencies which satisfy inequality (32).
Inasmuch as the particular application of the lock-on
oscillator being considered here requires tracking
through a frequency range of 0.7 to 1.4 Hz (page 1),
no difficulty with subharmonic lock-on operation should
be expected providing that the ratios x;/c << 1, y4/2¢c
<< 1 are satisfied.

Let the y, switching line be taken as a reference
and assume that the system has been driven to the de-
sired periodic hehavior;that is, k = 1. An expression
for the error inthe desired quadrature phase relation-
ship between the relay outputs f(x) and f(y) can he
obtained in the following manner. The time elapsing
from instant of y relay switching to x relay switching
canbe obtained by solving the equation of the x(t) mo-
tion
-Xy =-c+ e_(t - tO)a(xe +c)
for t - ty. Substituting for x; as givenby equation (16)
into the expression leads to

a Ty
1 ¢ |1 +tanh 3
t—t0=;£n

c-Xy
(33)

T 1 aTI]
=—4_Egn[(1—x1/c) cosh 1 .

If the output wave shapes have quadrature phase re-
lationship, then the x relay must change polarity ex-
actly TI/4 seconds after the y relay. The last term
of equation ( 33) therefore furnishes the deviation from
the desired phase relationship as

a Ty ;
1 ](radlans). (34)

2T
AP = T

fn{(i - x,/¢) cosh
aly
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MECHANIZATION OF THE LOCK-ON
OSCILLATOR

SECTION VI

The lock-on oscillator circuit shown in Figure 11
was developed by H. Daniels, H. Farrow, and H,
Hosenthien of the Flight Dynamics Branch, Astrionics
Lahoratory. It was found that the circuit possessed
not only good lock-on characteristics over the expect-
ed frequency range, but also produced symmetrical
output square waves with a relatively small inherent
error in the quadrature phase relationship. A test
case was runtopresent a comparison between experi-
mental results and the corresponding theoretical re-
sults obtained through equations derived in the pre-
ceding analysis. The circuit values used were those
shown in TFigure 11; in particular, with a 5 yF input
capacitor to the two relay sections. Table I presents
a comparison of the theoretical and measured results
for the conditions of free-run (no input) and with in-
put signal (I(t)) frequencies of 0.7, 1.0, and 1.4 Hz,

TABLE 1. COMPARISON OF THEORETICAL AND
MEASURED RESULTS FOR THE LOCK-ON
OSCILLATOR CIRCUIT OF FIGURE 7

PREDICTED MEASURED
CASE CONDITION|| ff » (Hz)  Adldeg) |[f.gp, (Hz) &P (deg)
C=5uF Free-Run 1,39 Hz 0 1.31 Hz 4]
C= 5uF fI =,7Hz 9,04 8.9
C=5uF fy = 1. 0Hz 4.12 2.0

- B i
C=5uF f;=1.4Hz .07 1.3

Afew comments are necessary with regard to the
circuit. The relays were not subjected to direct anal-
ysis to obtain nonlinear characteristics, but were
treated as '"black boxes' and obtained experimentally,
Figure 12 shows the x relaycharacteristic taken from
an oscilloscope display when the circuit was in the
free-run condition. As can be seen, the actual char-
acteristic is very nearly that of the idealized case as-
sumed in the preceding development of the equations.
In the free-run conditions, account must be taken of
the RC integrating networks on the form of the derived
equations; however, the situation is otherwise un-
changed from that assumed previously.
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FIGURE 11. LOCK-ON OSCILLATOR CIRCUIT DIAGRAM

The following parameters are obtained from the cir-
cuit diagram of Figure 11:

a=.,7636

c =10.714.
Switching levels were obtained as

x =y =.1

According to equation (11), the period of the free-
running limit cycle is given by

T, == zn[°+ Ne(x + yy) 'xm]: .72s
f.r. a c-Xx

The intersection of the free-run trajectory with the y
switching line is given by
xg (X +y1) - Xgyy = 1.46.

Figure 13 illustrates the system in the free-running
condition, ’

11
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FIGURE 13. PREDICTED FREE-RUN TRAJECTORY
AND RELAY OUTPUTS, C =5 uF

Now consider the effect of applying an input I(t)
with period T1 = 1.0 reconds. Equation (16) supplies
the value x(t) mus! have at the instant of y relay
switching to maintain . periodic trajectory, corre-
sponding to k = 1, as

aT
4

x(tg) = c tanh = 2.02

The error in the quadrature phase relationship is given
by equation (34) as

A =5LT(‘)I in ((1 - x4/¢) cosh

il R
4 - - -
Figure 14 shows the k = 1 trajectory and the corre-

12

sponding input and output wave shapes. Figures 15 and
16 are further examples, illustrating the driven con-
dition for the highest and lowest expected operating
frequencies.
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t
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.’
5, —_I «5 1.0 . s f
o (=) (c, =2} 4
FIGURE 14. PREDICTED DRIVEN CONDITION FOR

T;= 1.0 SECOND, C = 5 uF

Todetermine whether trajectories corresponding
to values of k greater than unity can exist in the ex-
pected frequency range, let T; = . 7143 seconds in
equation (21) to obtain

(1 _ XL) 1+ e—3a/2TI) _C * X(tg)
e21(1:1 -ty _ 2c c - X
e—a/ZTI —aTI/Z . e—a TI)

(1 -e

=1.31

Since

Ty

tr -ty =.3602> == .36,

-
higher ordered periodic trajectories should not exist.
They will exist, however, for only slightly higher fre-
quencies, as illustrated by Figure 17. The period of
the driving signal of that example was obtained through
use of equation (25},
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Figures 18 through 22 are recordings made during op-
eration of the circuit of Figure 11 and correspond to
the predicted cases of Figures 13 through 17. Note
particularly the k = 3 subharmonic lock-on case of
Figures 17 and 22,

yiy

SECTION VII. CONCLUSION

x, 5 0 niques to investigate the behavior of the lock-on oscil-

5
. /\ (o, 0 The preceding analysis utilized phase space tech-
-, 0 51 o

~10 -5
lator in both the free-running and driven conditions.
Lo v For the free-running condition, it was shown that a
1 "f - stable limit cycle exists and an expression obtained
which permits prediction of the free-running frequen-
e — 19 FE S cy. In the driven case, the phase space technique per-

mits determination of the existence of a periodic tra-
jectory describing satisfactory tracking of the input

(5) ~}>_J|:j°——’ signal frequency. From the form of such a trajectory,
it was then possible to obtain an expression for the

error in quadrature phase relationship between the
two relay outputs. In addition to the existence of peri-
odic trajectories indicating satisfactory tracking be-
FIGURE 16. PREDICTED DRIVEN CONDITION FOR havior, the phase plane approach indicated the exist-
Ty;=1.43 SECOND, C = 5 uF ence of additional periodic trajectories which describe

® (¢, -2¢) * (¢, =2c)
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a subharmonic tracking behavior. It was shown that
the existence of suchoperating modes occurs at rela-
tively low values of driving signal frequency, but with
a suitable choice of parameters canbe avoided through
the frequency range expected for the particular ap-
plication discussed in this report.

A

Hu o

- S0V
10V

The analysis and results must be modified if the
assumptions on equivalent relay outputs and input sig-
nal magnitudes are not valid. However, the techniques
used should permit derivation of the corresponding re-
sults. This comment is equally applicable to the as-
sumption on equivalent integrating network time con-
stants and relay switching levels.
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FIGURE 18, EXPERIMENTAL RESULTS, Ty = 1.0 SECOND
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